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We extend some of the earlier results on the enumeration of rooted maps on a 
surface by number of edges to simultaneous enumeration by vertices and faces. In 
particular, (i) an asymptotic formula is obtained, (ii) the generating functions on 
orientable surfaces are shown to be rational functions of the parameterizations of 
Arqu~s and of Tutte, and (iii) the generating function for rooted maps on the 
projective plane is given. © 1993 Academic Press, Inc. 
1. INTRODUCTION 
A map is a connected graph embedded in a surface in such a way that 
every face is a disk. A map is rooted by distinguishing an edge, a direction 
along the edge, and a side of the edge, thereby destroying symmetries. 
The enumeration of various classes of rooted maps on the sphere was 
studied in the 1960s based on Tutte's pioneering approach to obtaining 
functional equations for the generating functions. Unfortunately, there are 
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interesting classes of maps for which no elegant formula seems to exist; 
however, there may be a simple asymptotic formula. (See, e.g.,[3].) In 
addition to their intrinsic interest, asymptotic results in enumeration can 
lead to structural information about maps. (See, e.g., [-11].) 
Asymptotic enumeration of maps on surfaces is a particularly promising 
research topic for at least four reasons: 
(a) The generating functions for maps on surfaces increase in 
complexity with the genus of the surface [-5], stifling hopes of finding 
elegant formulas. 
(b) Enumeration of classes of maps by edges has been studied 
sufficiently to discern some very interesting patterns [10]. A proper 
understanding of the underlying properties of maps that lead to these 
patterns awaits discovery. 
(c) Relatively scant information about a generating function often 
suffices to yield an asymptotic formula for its coefficients [2]. However, 
with map enumeration o one has yet found a means of obtaining 
asymptotic results without computing, exactly, the precise generating 
function involved. This calls for complicated algebra. A more direct 
approach would undoubtedly ead to further insights into the structure of 
maps and more general asymptotic results for maps. 
(d) It is natural to ask for refinement of the formulas--enumerate 
maps on general surfaces by vertices and faces instead of just by edges. An 
obvious extension of the techniques used for enumeration by edges leads to 
complicated bivariate generating functions for such problems. Unfor- 
tunately, researchers have been unable to'obtain asymptotic results. The 
primary contribution of the present paper is to provide the first results on 
asymptotic enumeration by vertex and face of maps on arbitrary surfaces. 
Throughout we use g to denote the type of a surface. In terms of the 
Euler characteristic Z of the surface, 
g=l  1 -~X. 
For an orientable surface, g is the genus. For each nonnegative integer g, 
there is, up to isomorphism, one orientable surface of type g. For each 
positive integer or half-integer g, there is, up to isomorphism, one non- 
orientable surface of type g. 
Let Tg(i, j) be the number of/-face, j-vertex rooted maps on an orien- 
table surface of type g and let Pg(i, j) be the number on a nonorientable 
surface of type g. Let Mg(u,v) be the generating function for 
Pg(i, j )+ Tg(.i, j) and let Mg(u, v) be the generating function for Tg(i, j). 
Thus Mg - Mg is the generating function for Pg. 
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sphere 
projective plane 
The first three map generating functions are 
Mo(u, v)=Mo(u, v)=pq(1--2p--2q), (1.1a) 
Mm(u, v)=½(1 -2p-Zq-x / (1  -2p-Zq)2--4pq), 
(1.1b) 
pq(1-p -q)  (1.1c) torus Ml(u, v) - ( ( l _2p_2q)2_4pq)  2,
where 
u=p(1 -p -2q)  and v=q(1 -2p -q)  (1.2) 
and the boundary condition that p = q = 0 when u = v = 0 determine p and 
q. 3~t I was found by Arqu+s [1 ]. M~/2 is derived below. The above form of 
Mo was given by Arqu+s [1 ], but was originally found by Tutte 1-12] using 
a different parameterization: 
r(2 + r) s(2 + s) 
u=4(  1 +r+s)2 and v=4( 1 + r +s)2. (1.3) 
The parametrizations are related by 
r s 
and q (1.4) 
P -2 (1  +r+s) 2( l+r+s)  
Thus we have 
sphere Mo(U, v) = Mo(U, v) - 
projective plane M1/2(u  , v )  - 
torus /01(u, v)= 
?'s 
4(1 +r+s)3 ,  (1.5a) 
1 - -  x /1  - -  r s  (1.5b) 
2( l+r+s) '  
rs(1 +r + s)(2 +r + s) (1.5e) 
8(1  - rs) 2 
In the remainder of the paper, we make use of both of the parameteriza- 
tions, depending on which seems more convenient for the purposes at 
hand. 
In the next section, we give some technical lemmas which are used for 
obtaining asymptotic information in later sections. In Theorem 1 of 
Section 3 we give asymptotics for maps on the sphere, projective plane, and 
torus. In Section 4, we show that the arguments in [4, 5] for enumeration 
by edges can easily be extended to enumeration by faces and vertices. This 
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is used to prove the rationality of AT/g (Theorem 2), derive (1.1b), and 
obtain asymptotics for Pg and Tg for all g (Theorem 3). To our knowledge, 
not even the asymptotics of To, the maps on the sphere, have been worked 
out previously. Asymptotic formulas for 3-connected maps on the sphere, 
similar to those given below for To, were useful in showing that almost all 
3-connected spherical maps are asymmetric. (See 1-8,9].) Perhaps the 
present result for To can be used to prove the asymmetry of almost all 
maps on the sphere. 
2. SOME TECHNICAL LEMMAS 
For any set R of complex numbers and any 6 > 0, let N(R, 6) be the set 
of all complex numbers that are closer than 6 to some point of R. The 
following special case of [7, Theorem 2] will be used to obtain asymptotic 
results. 
LEMMA 1. Suppose that R is a closed subinterval of (0, oo) and that 
a,,k>~O. Define a, (v)=~a, ,k  vk and a(u, v)=Zan(v)u n. Let p(c) be the 
radius of convergence of a(u, c). Suppose that there is a 6 > 0 and functions 
f, g, and 2 such that: 
(i) an(v) converges for all n and all v~N(R, 6). 
(ii) a,(v)~f(n) g(v))~(v) n as n--* Do uniformly for v~ N(R, 6). 
(iii) g(v) and 2(3)(v) are uniformly continuous for v6 N(R, 6). 
(iv) I f  [v] ~N(R, 6) and Ivl ¢v, then p(v)> p(tvl). 
Then, with 02= d 2 log 2(t)/(dlog 02, 
an(t)t -k 
an, k N/'~-'~ C r
uniformly for all k such that k/n = dlog 2(t)/dlog t has a solution t ~ R. 
The main difficulty in applying this lemma is often in proving (iv). This 
is taken care of by the next lemma. 
LEMMA 2. Let a(u, v) be either ~Ig(u, v) or Mg(u, v). Let p(c) be the 
radius of convergence of a(u, c). Whenever t Plt[ < 1/4 and p(t) ¢ O, we have 
p(t) > p(lt[ ). 
Proof We may assume [tl is so small that p(lt[)>0. Recall that a 
graph is smooth if every vertex has degree at least 2. Let S(u, v) be the 
582a/63/2-11 
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generating function for those maps counted by a(u, v) which are smooth. 
Let 
C(x) - 1 - n i l  - 4x 
2x 
the generating function for rooted planar trees by number of edges, i.e., one 
less than the number of vertices. Recall that the number of edges in a map 
equals vertices plus faces plus (2g-2) .  As in [4, Sect. 5], we have 
a(u, v) = S(uC2(v), vC2(v)) C 2g- 3(~))(C(/)) -t- 2vC'(v)) + 6o, guvC(v). (2.1) 
For the purposes of determining radius of convergence, we can ignore 
the last term in (2.1). Let Sn(v) be the coefficient of u n in S (u, v) and let 
Rn(v) be the coefficient of u n on the right side of (2.1) after the Kronecker 
delta has been discarded. We have 
IRn(t)[ 1/n = [Sn(tf2(t))l 1/n iC(t)12 ic2g- 3(t)( f (t)  q_ 2tf'(t)) l  1/n 
~< S~(Itl C2(It[ ))1/~ IC(t)l 2 [c2g-3(t)(f(t)  + 2tf'(t)) l  a/,, 
with equality if t = Itl. It follows that 
lim sup IRn(t)l 1/n~ iC(t)l 2 lira sup &(Itl C2(Itl)) l/n, 
n~oO n ~ o o  
Since lira sup _1/, is the reciprocal of the radius of 
C n 
it follows that 
with equality if t=  Itl. 
convergence of ~ cn u n, 
1 
p(t) 
- -4  IC(t)l 2 lim sup S,([tl C2(Itl )) 1In 
n ---~ oo  
= (I C(t)l ~2 lim sup Rn(Itl )l/n 
\C( I t l ) J  n~ 
l 
\C( I t l ) J  p(Itl)" 
(2.2) 
Since C(t) = 1 + t + ... has nonnegative coefficients, I C(t)l ~ C(Itl) and the 
inequality is strict when tv~ Itl. The lemma follows from (2.2). | 
For asymptotic purposes, it will be necessary to study the singularity of 
f ig(u(, t) or Mg(u, t) nearest he origin when t is a positive real. This turns 
out to be due to the vanishing of the Jacobian of the parameterization. We 
also need to know how certain things behave nearby. This information is 
provided by the next lemma. 
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LEMMA 3. The Jacobians of (1.2) and (1.3) are 
(1 - 2p - 2q) 2 - 4pq and 
1 - -  r s  
4(1 +r+s)  5' 
respectively. There are positive real values for p and q (or, equivalently, r 
and s) for which the Jacobian vanishes if and only if 0 < v < 1/4. 
Let r= r(u, v) and s= s(u, v) be determined by (1.3). Then 
and 
Or 2 ( l+r+s)2( l+r+rs )  
- -  = (2 .3a)  
Ou 1 -- rs 
0s 2(1 + r+s)  2 s(2 +s)  
Ou 1 - rs 
(2.3b) 
Suppose that 0 < Uo, Vo < 1/4 and (Uo, vo) is on the curve r(uo, Vo)S(Uo, Vo) = 1. 
Then 
1- r (u ,  vo)s(u, vo)~x/3(2+r) ( l+r ) l ( ,o ,  vo~(1-u/uo) 1/2 (2.4) 
as u ~ Uo. Also, thinking of Uo as a function of Vo, we have 
_dloguo_(2+s)(l+s) _ (2+s)  (2.5) 
dlogvo (2+r) ( l+r )  (uo,~o) r (2+r)  (,o,~o~ 
and 
Proof 
Vu 
0s 
d 2 log u o _ (2 + s)(1 + r + s)(7 + 4r + 4s) (,o, (2.6) 
(dlog Vo) 2 6r(1 + r)(2 + r) 2 vo~ 
All of the lemma except (2.3) and (2.4) is easily proved. We have 
= =2( l+r+s)  3 / l+s( l+r ) r  ~ 2 ~  ~ ~ 1 
0s 0v 0v \ - s (2+s)  l+r ( l+s) J  
2( l+r+s)2( l+r ( l+s)  r (2+r)  
1- rs  \ s(2 + s) l+s ( l+r ) J "  
Then it is easy to see that 
lira ( (1 -  r(u, vo) s(u, vo) )2) 0(1- rs )  2 
u ~ uo 1 - U /Uo  = - Uo Ou ( .o ,  ~o1 
= 3(2 + r(uo, Vo))(1 + r(uo, Vo)). 
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3. THE SPHERE, TORUS, AND PROJECTIVE PLANE 
In  this  sect ion  we prove  the fo l lowing.  
THEOREM 1. Let e > 0 
e < i/j < lie we have 
sphere 
projective plane 
torus 
where r = 1Is is determined by 
J 
i 
be fixed. Uniformly as i , j~  oo such that 
To(i, j )  .,~ to(r)(o')-3/2 u(r) - i  v(r)-J, (3.1a) 
P1/2(i, j )  "~pl/2(r)(ij)-7/8 u(r) - i  v(r)-J, (3.1b) 
Ti(i, j )  ~ ti ( r ) ( / j ) -1 /4  u(r) - i  v(r)-J, (3.1c) 
(2 + s)(1 +s)  
(2 + r)(1 + r ) '  (3.2) 
TABLE I 
Table of Values for Functions in Theorem 2 
j/i r u- 1 1)-1 to × 104 Pl/2 × 103 tl × 102 
0.05 5.672752 4.310956 489.099715 0.716613 8.262186 4.483586 
0.10 3.857216 4.634850 178.776176 1.793790 12.155620 3.877062 
0.15 3.063213 4.969582 101.485917 2.916371 14.919468 3.592395 
0.20 2.595348 5.314405 68.963635 3.983474 17.017705 3.421844 
0.25 2.279452 5.668865 51.687626 4.954925 18.660647 3.307779 
0.30 2.048576 6.032634 41.194360 5.817189 19.969566 3.226593 
0.35 1.870804 6.405454 34.238131 6.569572 21.023201 3.166509 
0.40 1.728759 6.787103 29.333160 7,217619 21.876396 3.120885 
0.45 i.612074 7.177392 25.712194 Z769702 22.569152 3.085647 
0.50 1.514137 7.576149 22.942653 8.235207 23.131612 3.058140 
0.55 1.430508 7.983218 20.763737 8.623569 23.587047 3.036549 
0.60 1.358083 8.398457 19.009664 8.943764 23.953767 3.019586 
0.65 1.294619 8.821732 17.570427 9.204081 24.246391 3.006311 
0.70 1.238450 9.252918 16.370395 9.412020 14.476743 2.996019 
0.75 1.188311 9.691898 15.355991 9.574290 24.654483 2.988170 
0.80 1.143222 10.138561 14.488284 9.696840 24.787573 2.982345 
0.85 1.102409 10.592801 13.738350 9.784915 24.882629 2.978212 
0.90 1.065253 11.054518 13.084290 9.843124 24.945182 2.975504 
0.95 1.031254 11.523615 12.509235 9.875506 24.979888 2.974006 
1.00 1.000000 12.000000 12.000000 9.885591 24.990684 2.973540 
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u = u(r) and v = v(r) are given by (1.3), 
(2 + r)(2 + s) 
t°(r) - 16re(1 + r + s) 7/2 (7 + 4r + 4s) 1/2' 
33/4((2 + r)(2 + s)(1 + r)(1 + s)) 3/8 
Pro(r) = 2 [F( - 1/4)[ (zt(1 + r + s) 3 (7 + 4r + 4s)) 1/2' 
1 (  1+r+s  ) l /2 ( ( l+r )3( l+s)3) l /4  
t l ( r )=8 3rc(7+4r+4s) J  \ (2+r ) (2~-~ ] 
The formulas in the theorem have been written so as to show the 
symmetry between vertices and faces. If one is willing to give this up, it is 
possible to simplify the formulas slightly by using s = 1/r. In particular, 
(3.2) becomes 
j 1 +2r  
i r2(2+r)" (3.3) 
Table I contains values of r and the various functions in the theorem as 
functions of j/i. 
Proof When u and v are positive reals, so are r and s. In view of this 
and the first part of Lemma 3, the singularities of (1.5) at positive real u 
and v can only occur when rs = 1. 
Note that all the functions we are using are algebraic. Thus, if v is held 
fixed, we will be able to use Darboux's theorem [2, Theorem 4] to obtain 
the expansion eeded in Lemma l(ii). 
We begin with (1.5e), and so a(u, v)= A2/l(u , v). Let r and s stand for the 
functions r(uo, Vo) and S(Uo, Vo), where u0 has been chosen so that we are 
on the curve rs= 1. From (2.4) and (1.5c), we see that the coefficients 
an(vo) have the same asymptotic behaviour as those of 
rs(l +r  + s)(2 +r  + s) 
24(2 + r)(1 + r)(1 - U/Uo)" 
Recalling rs = 1, we obtain 
(1 + r +s)(1 +s)  
a,(vo) ". Uo n. 
24(2 + r) 
The remainder of the conditions in Lemma 1 are easily verified, with the 
use of Lemma 2 for condition (iv). Since 2 = 1/Uo, k/n in Lemma 1 is given 
by (2.5) and 0 -2 is given by (2.6), (3.1c) follows after some algebra. 
The projective plane can be done as the torus was. 
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Now consider the sphere. In this case, the order of the singularity is not 
so apparent. Computing the partial of (1.5a) twice with respect o u using 
(2.3), we have 
02M0 s(1 +r-} -s )  
(~3u) 2 1 - rs 
This, in conjunction with (2.4), gives us the asymptotic behaviour of the 
coefficients of u n in M0, namely, like the coefficients of u n in 
4u~s(1 + r + s) ~o, ~o) (1 - U/Uo) 3/2. 
33/2((2 + r)(1 + r)) ~/2 
Thus, in the notation of Lemma 1 
a,(vo) "~ n-5/2 r(2 + r) 3/2 
16(3g(1 + r)) 1/2 (1 + r + s) 3 u°"" 
The remainder of the derivation of (3.1a) is like that for (3.1c). | 
4. GENERAL SURFACES 
In this section, we consider maps on a surface of type g. To avoid 
considerable repetition, we rely heavily on [4]. In particular, the extra 
variables y and zi for i e I have the same meaning as in [4]. 
The argument that leads to [-4, (2.2)] gives, for (g, I) ¢ (0, ~3), 
A(u, v, y) Mg(u, v, y, I) = - -  
uy 
y(1 -y )  • 
u2 ~ Mj(u, v, y, S)Mg_j(u, v, y, I -  S) 
2y2(1 - y) a 
~- U 2 8wo~ Mg l(u,v'Y,I+o~)lzo~=y 
+Y( luY  ) a 
- Oy (yMg_ ~/2(u, v, y, I)) 
+ Mg(u, v, 1, I) 
+ Z zi(1 -y )  (Z,Mg(U, v, zi, I-- i) 
i~l  z i - -Y  
--yMg(u, v, y, I-- i)), (4.1) 
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where Z* extends over all (j, S) # (0, ~) ,  (g, I) with j a half integer in 
[0, g] and S c L The variables y and zi have the same role as in I-4] and 
A(u, v, y) = 1 - y + uy 2 - 2y2(1 - y)Mo(u, v, y, ;~3)/u. 
A similar recursion exists for f/ .  
It is important o note that, as in [-4], the planar equation is A 2= B 
where 
B(u, v, y) = (4M0(u, v) - 4v + u 2) y4 + 2( - 2M0(u, v) + 4v - u) y3 
+ (2u + 4v + 1) yZ-2y  + 1. 
Using (l.la), we have 
B(u, v, y )= ((1 _p)2 (p2+ 4q2)_ 4q(1 _p)3) y4 
+ 2((1 _p)2 4q-  (1 -p ) (p  + 4q2)) y3 
+( l+4qZ+(1-p) (2p-4q) )y2-2y+1.  (4.2) 
One can show that 
1 
B(u,v ,y)=O when Y=l -p '  
The function (1 -p )  1 plays the same role asf (x)  does in [4] and so one 
can, in principle, solve the recursion (4.1) for the algebraic function 
Mg(u, v, y, I). Setting y=(1-p)  ~ and g= 1/2 in (4.1)and using A2=B 
to obtain Mo(u, v, y), one can derive (1.1b). 
We now prove 
THEOREM 2. Fix e > 0 and g. Let r = 1/s be the function of j/i determined 
by (3.2) and let u(r) and v(r) be given by (1.3). Uniformly for i,j--+ oo so 
that s < j/i <~ 1/~, 
Tg(i, j )  ~ tg(r)(iJ') sg/4 372 u(r) iv(r) -j 
and 
Pg(i,j) ~pg(r)(ij) sg/4 3/2u(r)-i v(r) -j, 
where tg(r) and pg(r) are computable via nonlinear ecursions. 
Proof It suffices to show how to modify the argument in [4] to 
establish Lemma l(ii) with f (n ) - -n  5(g-~v2 and 2--1/Uo. Then we can 
apply the same ideas that were used in the proof of Theorem 1. Choose 
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Uo >0 and Vo > 0 so that the Jacobian of (1.2) vanishes at (Uo, Vo). (This 
implies that u0 and Vo are in (0, 1/4).) We now fix v = Vo and let u be a 
variable. Instead of considering expansions in powers of (1 -  12x) as done 
in [4] ,  we will expand in powers of (1 -U/Uo). 
Using (4.2) and (1.2), one finds (in the notation of [4] )  that 
B~2)=2( ( l _2p_2q)2_4pq)  = 2(1 -- rs) 
(1 +r+s)  2 
B~3)= -- 12(1 --p)(p(1 -- 2p) + 4q(1 - -p - -  q)) 
B ~4) = 24(1 _p)2  (4q2 + 4pq-- 4q +p2) 
B ~k)=0 for k>4.  
It follows from (2.4) that the leading term in the expansion of B (2) is a 
positive multiple of ~ .  Since p ~< 1/2 on the singular curve, B ~3) is 
negative there. This allows us to establish the analog of [4, Lemma 2]. The 
asymptotic and sign arguments of [4]  can now be adapted. This allows us 
to establish Lemma l(ii) for real V=Vo where f (n )=n 5~g-1)/2, 2= 1/Uo, 
and g is a function which is difficult to compute but is strictly positive. This 
only establishes Lemma l(ii) for v ~ R; however, it follows for some N(R, 6) 
since all the functions involved are algebraic. | 
The ideas in [5 ]  can be used, with trivial modifications, to prove the 
following theorem. It seems likely that b(g) = 0, but we are unable to prove 
it. 
THEOREM 3. When 9>0,  /~g(u, v) & a rational function of p and q 
whose denominator in lowest terms is 
((1 - 2p - 2q) 2 - 4pq) 5g-3 (1 _p)b(g) 
for some function b(g). 
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